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Abstract

yt

The existing N finite steps optimal control algorithm of
a discrete state space model, stochastic regulating control
system is under review and compared with a new algorithm. The new algorithm is derived by the method of dynamic programming. The two algorithms give the same
value for each controller of the N steps. The algorithms
are physically implementable and must be used for applications with a small number of control steps. For a large or an
infinite number of steps, a steady state controller, obtained
by convergence of the algorithms, can be used. In this case,
the controller has the physical meaning of a pseudo infinite
steps optimal controller.
Keywords: Bellman equation, dynamic programming, linear quadratic control; state space model.

1

Introduction

Ever since the publication of the author’s book (Vu, K.
(2008)), the author received a good number of emails asking for a clarification of a control algorithm in the book.
The algorithm is the N finite steps optimal control algorithm, the most difficult algorithm of linear quadratic
stochastic control theory, of a discrete control system described by a state space model. The algorithm seems to be
contradictory with an established algorithm in control literature. The established algorithm has appeared in good
textbooks such as Åström, K.J. (1970), Åström, K.J. and
Wittenmark, B. (1989) and Mosca, E. (1995), among others. The deterministic version of the algorithm is discussed
in Kailath, T. (1980). In this paper, the established algorithm will be reviewed. Then the result of a new algorithm,
suggested but not proved in Vu, K. (2008), is derived by
the method of dynamic programming. The paper is organized as follows. Section one is the introduction section. In
section two, the established algorithm is briefly described.
In section three, the new algorithm is derived. In section
four, the two algorithms are compared, and section five
concludes the discussion of the paper.
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The Existing N Steps Control Algorithm

For a simpler discussion, we consider the following discrete state space model of a stochastic control system
xt+1

= Axt + but + wt ,

= cxt + vt .

The system is a single-input-single-output (SISO) system
with no pure dead time. The inclusion of a pure dead time
creates no difficulty for our discussion. However, since the
control model in most textbooks that discuss the algorithm
has no pure dead time, we also use a model with no pure
dead time, to create less confusion. The control criterion
for the N steps optimal control algorithm, in Åström, K.J.
(1970), is
E{xTN +1 Q0 xN +1 +

M in
ut ,···uN

N
X

xTs Q1 xs + uTs Q2 us }.

s=t

The control problem is understood as follows. The control algorithm is a stochastic control algorithm because of
the white noises wt and vt , hence the expectation operator E. Even though it is not written in the reference, as it
should, it is understood that the expectation is a conditional
expectation. It is not an unconditional expectation, because
an unconditional expectation will give us the variances of
the state vector and the control input variable. The control
algorithm will become the infinite steps optimal control algorithm because it has an infinite number of control input
variable values as its solution.
The solution for the control problem, given in Åström,
K.J. (1970), can be summarized as
ut

= −Lt x̂t|t ,

Lt

[Q2 + bT St+1 b]−1 bT St+1 A,
AT St+1 bbT St+1 A
(1)
,
= AT St+1 A + Q1 −
Q2 + bT St+1 b
= Q0 .

St
SN +1

3

=

The New N Steps Control Algorithm

For our discussion, we consider the control criterion or performance index
N
X
M in E{
xTt+1 Q1 xt+1 + Q2 u2t | Yt }.
ut t=k

In the above equation, the condition Yt is the condition of
all available observations of the output variable yt up to the
time t. The performance index is a quadratic sum; therefore, its solution can be obtained by dynamic programming.
Dynamic programming, pioneered by the American mathematician Richard Bellman (Bellman, R. (1997)), is a multistage optimization approach, ideal for a quadratic sum.

Its philosophy is similar to that of proving a theorem by
induction. This means that we choose a starting point or
an initial condition and prove that optimality is obtained
for this case. Then, we obtain optimality for two recurrent
stages. The result will be optimality for the whole sum.
Depending on the problem, the starting optimization
in a dynamic programming solution can be at either end of
the sum. For our problem, it must be at the high end (k=N)
of the sum, because the solution at the lower end affects
the variables at the higher end. This means that we must
obtain optimality for the case k=N first. This is to say that
we must solve the following control problem

The above equation is a quadratic function in the variable
uN . Since the quadratic coefficient is positive, the function
has a minimum. And its minimum occurs at
(2)

The above equation is the equation of the one step optimal
or myopic controller. The minimum value is
M in
uN

E{xTN +1 Q1 xN +1 +Q2 u2N | YN } = x̂TN |N SN x̂N |N +qN

with

M in E{xTN +1 Q1 xN +1 + Q2 u2N | YN }.
uN

SN

By changing the state vector
xN +1

= −[Q2 + bT Q1 b]−1 bT Q1 Ax̂N |N .

uN

qN

AT Q1 bbT Q1 A
,
Q2 + bT Q1 b
= tr(Q1 Rw ) + tr(AT Q1 AP0 ).
= AT Q1 A −

(3)

= AxN + buN + wN ,

The last result gives us a starting point. Now, like the
approach
of proving a theorem by induction, we assume
we can write the previous equation as
that
we
have
optimality for the stage k with the minimum
M in E{xTN AT Q1 AxN + 2xTN AT Q1 buN + 2xTN AT Q1 wN value given by the last equation with the letter k in place of
uN
the letter N , then we set up an optimization problem with
T
+2bT Q1 wN uN + wN
Q1 wN + [Q2 + bT Q1 b]u2N | YN }. two consecutive stages as
By taking the conditional expectation with the condition
YN , we have the state vector xN as x̂N |N . The products
of wN with other variables will be zero; the product of this
white noise with itself gives its variance, Rw , because YN
contains up to wN −1 . uN will be unchanged. The first
term can be obtained as follows. We write
xTN AT Q1 AxN = [xN − x̂N |N ]T AT Q1 A[xN − x̂N |N ] +
2xTN AT Q1 Ax̂N |N − x̂TN |N AT Q1 Ax̂N |N
then take the conditional expectation. The variable inside
the square brackets is the error vector of the state estimator x̂N |N . The first term on the right hand side of the last
equation can be obtained as
T

M in

E{
uk−1 , uk

M in
M in
uk−1

E{
uk

k
X

!
xTt+1 Q1 xt+1 + Q2 u2t | Yt }

= E{[xN − x̂N |N ]T AT Q1 A[xN − x̂N |N ]}
= E{tr([xN − x̂N |N ]T AT Q1 A[xN − x̂N |N ])}

E{xTk Q1 xk + Q2 u2k−1 + x̂Tk|k Sk x̂k|k + qk | Yk−1 }.

The last equation is called the Bellman equation. At this
stage, we want to look for an optimal value of uk−1 . The
state estimator x̂k|k contains this variable as shown below
x̂k|k

= Ax̂k−1|k−1 + buk−1 + k∗ ak ,

(4)

and this fact gives an interconnection between two consecutive optimization stages in the Bellman equation.
Now, from previous result we can say that

= E{tr(AT Q1 A[xN − x̂N |N ][xN − x̂N |N ]T )}
T

T

= tr(A Q1 AE{[xN − x̂N |N ][xN − x̂N |N ] })
T

= tr(A Q1 AP0 ).

E{xTN AT Q1 AxN | YN } = x̂TN |N AT Q1 Ax̂N |N
+tr(AT Q1 AP0 ).
And we have the performance index as
x̂TN |N AT Q1 Ax̂N |N

E{xTk Q1 xk + Q2 u2k−1 | Yk−1 } =
x̂Tk−1|k−1 AT Q1 Ax̂k−1|k−1 + 2x̂Tk−1|k−1 AT Q1 buk−1
+[Q2 + bT Q1 b]u2k−1 + tr(Q1 Rw ) + tr(AT Q1 AP0 ).

In the above equations, the condition disappears because
the white noises wt and vt in the condition are uncorrelated
to the error vector; the conditional expectation becomes the
unconditional expectation. Therefore, we can write

2x̂TN |N AT Q1 buN

+
uN
+[Q2 + bT Q1 b]u2N + tr(Q1 Rw ) + tr(AT Q1 AP0 ).

=

t=k−1

T

E{[xN − x̂N |N ] A Q1 A[xN − x̂N |N ] | YN }

M in

xTt+1 Q1 xt+1 + Q2 u2t | Yt } =

t=k−1

M in
uk−1

k
X

And we have
E{x̂Tk|k Sk x̂k|k + qk | Yk−1 }

T
= E{ Ax̂k−1|k−1 + buk−1 + k∗ ak Sk


Ax̂k−1|k−1 + buk−1 + k∗ ak + qk | Yk−1 }
= x̂Tk−1|k−1 AT Sk Ax̂k−1|k−1 + bT Sk bu2k−1 +
T

k∗ Sk k∗ σa2 + 2x̂Tk−1|k−1 AT Sk buk−1 + qk .
Except for the term with the squared white noise ak , the
cross-products of this variable with other variables vanish

with the conditional expectation because the condition does
not contain this white noise, which does not cross-correlate
to x̂k−1|k−1 or uk−1 . The squared white noise becomes the
unconditional variance σa2 . The matrix k∗ is the Kalman filter matrix for the conditional simultaneous state estimator.
Eq (4) can be obtained in Vu, K. (2008) or any standard
textbook on Kalman filtering.
From the above results, we can write
M in
E{xTk Q1 xk + Q2 u2k−1 + x̂Tk|k Sk x̂k|k + qk | Yk−1 }
uk−1
x̂Tk−1|k−1 AT (Sk + Q1 )Ax̂k−1|k−1 +

= M in

uk−1
T
T
2x̂k−1|k−1 A (Sk +

T

Q1 )buk−1 + [Q2 + b (Sk +

Q1 )b]u2k−1

T

+qk + k∗ Sk k∗ σa2 + tr(Q1 Rw ) + tr(AT Q1 AP0 ).
The optimal value for uk−1 will then be

above. By reasoning in the same fashion, we can expand
the range of optimality of the sum to more stages and to
eventually the original number of stages in the sum of the
performance index. This means that we can prove, for any
number of stages, the solution of our N finite steps optimal
control algorithm is as follows. The performance index is
N
X
M in E{
xTt+1 Q1 xt+1 + Q2 u2t | Yt } = x̂Tk|k Sk x̂k|k + qk
ut t=k

with
St = AT (St+1 +Q1 )A−
T

qt = qt+1 + k∗ St+1 k∗ σa2 + tr(Q1 Rw ) + tr(AT Q1 AP0 ).
and the initial conditions

uk−1 = −[Q2 + bT (Sk + Q1 )b]−1 bT (Sk + Q1 )Ax̂k−1|k−1 .

SN

By putting this optimal value into the criterion equation, we
get
k
X
xTt+1 Q1 xt+1 + Q2 u2t | Yt }
M in E{
ut t=k−1

=

x̂Tk−1|k−1 Sk−1 x̂k−1|k−1

+ qk−1 .

qN

AT (Sk + Q1 )bbT (Sk + Q1 )A
,
Q2 + bT (Sk + Q1 )b

AT Q1 bbT Q1 A
,
Q2 + bT Q1 b
= tr(Q1 Rw ) + tr(AT Q1 AP0 ).
= AT Q1 A −

The control actions to achieve this result are given as
uN
ut

with
Sk−1 = AT (Sk + Q1 )A −

AT (St+1 +Q1 )bbT (St+1 +Q1 )A
,
Q2 + bT (St+1 + Q1 )b

4

= −[Q2 + bT Q1 b]−1 bT Q1 Ax̂N |N ,
= −[Q2 + bT (St+1 + Q1 )b]−1 bT (St+1 + Q1 )Ax̂t|t ,
= −Lt x̂t|t .

Comparison and Discussion

T

qk−1 = qk + k∗ Sk k∗ σa2 + tr(Q1 Rw ) + tr(AT Q1 AP0 ).
The minimum value of a two-stage sum has a similar form
to that of a one-stage sum. Now, if we let k=N, then we
have optimality for the sum of two stages N-1 and N as
N
X
M in E{
xTt+1 Q1 xt+1 + Q2 u2t | Yt }
ut t=N −1

= x̂TN −1|N −1 SN −1 x̂N −1|N −1 + qN −1

With a statistical misconception and many unclear mathematical maneuvers in Åström, K.J. (1970), the author of
this paper was about to claim that the existing algorithm
is flawed. It turns out that the important parts of the algorithm are saved from this negative claim. If we add the
matrix Q1 to both sides of the iterative equation for St of
the new algorithm, we get
St + Q1

with the optimal control actions:
uN
uN −1

= −[Q2 + bT Q1 b]−1 bT Q1 Ax̂N |N ,
T

−1

= −[Q2 + b (SN + Q1 )b]
bT (SN + Q1 )Ax̂N −1|N −1 .

Similarly, we can determine the optimal value for uN −2 of
the sum of the last three stages from the following equation
M in
E{xTN −1 Q1 xN −1 + Q2 u2N −2 +
uN −2
x̂TN −1|N −1 SN −1 x̂N −1|N −1 + qN −1 | YN −2 }.
And the optimal control action uN −2 can be obtained in
the same way as the optimal control action uk−1 discussed

= AT (St+1 + Q1 )A + Q1 −
AT (St+1 + Q1 )bbT (St+1 + Q1 )A
.
Q2 + bT (St+1 + Q1 )b

Now, if we compare the matrix given by left hand side of
the above equation with the matrix St in Eq. (1) and the
equation for the controller Lt of the existing algorithm, we
can say that the Riccati equation, Eq. (1), of the existing
algorithm is the same as that of the new algorithm. Now let
us see if the two algorithms give the same controllers of the
N steps.
For a valid comparison, let us say that the weighting
matrix for the state vector xN +1 is Q0 , then the existing
algorithm gives the control action at step N , the last step,
as
uN

= −[Q2 + bT Q0 b]−1 bT Q0 Ax̂N |N .

The new algorithm also gives the same value if we replace
the matrix Q1 in Eq. (2) with the matrix Q0 . For the controller at step N − 1, the matrix St+1 in the controller of
the existing algorithm is
SN

= AT Q0 A + Q1 −

AT cT cbbT cT cA
,
= AT cT cA −
bT cT cb


cT cbbT cT c
= AT cT c −
A,
bT cT cb
= 0,
AT (0 + cT c)bbT (0 + cT c)A
= AT (0 + cT c)A −
,
bT (0 + cT c)b
= 0.

SN

AT Q0 bbT Q0 A
.
Q2 + bT Q0 b

We can see that the new algorithm also gives the same controller if we replace all the matrices Q1 ’s in Eq. (3) with
the matrix Q0 and add to both sides of the equation the
matrix Q1 . Since the two algorithms give the same values for uN and uN −1 , they will give the same values for
all the control actions. We can, therefore, say that the two
algorithms are the same.
The new algorithm is, however, much easy to understand. It has a crystal clear derivation. The statistics of the
derivation is correct and a user will have very little difficulty in the modification of the algorithm for the case of
control systems with a dead time. The equation of the controllers is also a strength. It separates the control action into
three distinctive components as can be shown below
[Q2 + bT (St+1 + Q1 )b]ut

In this case, we have

St

All the controllers of the N steps are the same. The N steps
optimal control algorithm is the same as the one step optimal control algorithm, a minimum variance control one.
Since the control system has no dead time, the performance
index value will be N σa2 , a multiple of the variance of the
innovations white noise in the Kalman filter literature. This
means that we can write
N σa2

=

= −bT (St+1 + Q1 )Ax̂t|t .

The component associated with Q2 is due to the penalty on
the movement of the control action. The component associated with the matrix Q1 gives different weights to the state
vector. The component associated with the matrix St+1 accounts for the optimal effect on the future state vectors. The
effect must be different for each control action because of
the difference in the time to the end of the control period.
At the last step N the component vanishes, SN +1 = 0,
because there is no more future state vectors to account for.
To verify the value of the performance index, we consider the special case
Q1 = cT c, Q2 = 0.
Assume that we have a total of N steps. Now by adding
the quantity N σv2 to the performance index, we have
N
X
M in E{
xTt+1 cT cxt+1 | Yt } + N σv2 .
ut t=1

This is the case of minimum variance control of the output
variable because we have
yt+1 = cxt+1 + vt+1 ,
2
E{yt+1
| Yt } = E{xTt+1 cT cxt+1 | Yt } + σv2 .
In the last equation, we have a conditional expectation but
unconditional variance σv2 for the white noise vt , because
the condition does not contain vt+1 but only vt . Since vt
is white, it is not correlated to vt+1 . The variable in the
condition is not correlated to the variable in the stochastic
quantity, the conditional expectation becomes the unconditional expectation.

= x̂T1|1 S1 x̂1|1 + q1 + N σv2 ,

=

0 + q1 + N σv2 ,
N
−1
X

T

k∗ Sk+1 k∗ σa2 + N σv2 +

k=1

N tr(cT cRw ) + N tr(AT cT cAP0 ),
= N σv2 + N tr(cT cRw ) + N tr(AT cT cAP0 ).
From the Kalman filter theory (Vu, K. (2007)), we have
σa2

= cP1 cT + σv2 ,
= c[AP0 AT + Rw ]cT + σv2 ,
= σv2 + tr(cT cRw ) + tr(AT cT cAP0 ).

The matrix P1 is the variance matrix of the error vector of
the one step ahead state estimator. From the above equations, we can say that the performance index value given in
this paper is correct, for this special case.
Now, let us evaluate the performance index value
given in Åström, K.J. (1970). This reference divided the
problem into two cases: complete state information where
c = I and vt = 0 and the general case called incomplete
state information. It was the second case that the author
of the reference did not give the correct information. On
page 259, the case implied that ”the control signal at time
t is a function of all observed outputs up to time t”. This
is supposed to be so and the reason for the state estimator
x̂t|t in the controller. But on page 281, it considered ”u(t)
is a function of Yt−1 ”; and on page 282, this fact was confirmed with the following equation
x̂(t)

= E [x(t)|Yt−1 ] ,

which is equation (6.20) in the reference. The controller
for this case, given as equation (6.24) in the reference, is
u(t) = −Lt x̂(t) = −Lt E [x(t)|Yt−1 ] .

The author of reference Åström, K.J. (1970) did mention
the case ”u(t) is a function of Yt ” again on page 283 but did
not give any information about it. In Åström, K.J. and Wittenmark, B. (1989), on page 196, the same author had the
Riccati and controller equations correct with the right state
estimator. However, the performance index equation and
the equation for the state estimator x̂t|t seemed to be dubious. And no value for the performance index was given.
Since this information was not given, we cannot fairly give
an assessment of this case.
We can, however, give an assessment of the case of
complete information. For this case, reference Åström, K.J.
(1970) gives, on page 281, the following equation for the
performance index value
"
#
N
−1
X
T
T
T
M in E x (N )Q0 x(N )+
x (t)Q1 x(t)+u(t) Q2 u(t)
t=t0

= mT S(t0 )m + trS(t0 )R0 +

N
−1
X

trS(t + 1)R1 (t).

t=t0

The matrix R1 (t) is the same as the matrix Rw and m and
R0 are the mean and variance of the state vector x(t0 ).
Obviously, we can see that this performance index value
cannot be true because the variance matrix P0 of the error vector of the state estimator x̂t|t is not present in the
performance index value.
For the case of control systems with a dead time, the
model of the control system is
xt+1
yt

= Axt + but−f + wt ,
= cxt + vt .

N
X
M in E{
xTt+f +1 Q1 xt+f +1 + Q2 u2t | Yt } =
ut t=k

x̂Tk+f |k Sk x̂k+f |k + qk
with
AT (St+1 +Q1 )bbT (St+1 +Q1 )A
,
Q2 + bT (St+1 + Q1 )b
T

qt = qt+1 + kT St+1 kσa2 + tr(Af +1 Q1 Af +1 P0 )
+tr(

f
X

ut = −[Q2 + bT (St+1 + Q1 )b]−1 bT (St+1 + Q1 )Ax̂t+f |t ,
uN = −[Q2 + bT Q1 b]−1 bT Q1 Ax̂N +f |N .
The state estimator x̂t+f |t is, of course, obtained from
Kalman filter theory as
f −1

x̂t+1|t +

f
−1
X

Ai−1 but−i ,

x̂t+f |t

= A

x̂t+1|t

= Ax̂t|t−1 + but−f + k[yt − cx̂t|t−1 ],
= [A − kc]x̂t|t−1 + but−f + kyt

i=1

with the matrix k as the Kalman filter matrix for the one
step ahead state estimator.
By first look, one would think that the N finite steps
optimal control algorithm is not physically implementable.
Because at the time t when ut is calculated, we have to
know St+1 , a quantity with a time reference in the future
of the time of calculation. In fact, St+1 ’s and Lt ’s are calculated off-line and stored in the computer memory. The
controller Lt is called up at the time t to calculate ut . This
means that the parameter N must be known. If N is large
and storage for Lt ’s becomes a problem, e.g. limited memory or N is not known, control engineers can use the steady
state version of the algorithm. This means that one obtains
the controller as
L∞

=

[Q2 + bT (S∞ + Q1 )b]−1 bT (S∞ + Q1 )A

with the matrix S∞ obtained by iterating

The N finite steps optimal control algorithm, given in Vu,
K. (2008), is as follows. The performance index value for
this case is

St = AT (St+1 +Q1 )A−

The control actions to achieve this result are:

St = AT (St+1 +Q1 )A−

AT (St+1 +Q1 )bbT (St+1 +Q1 )A
Q2 + bT (St+1 + Q1 )b

until convergence. And the control action is calculated as
ut

= −L∞ x̂t+f |t .

In this case, we can call the control algorithm a pseudo
infinite steps optimal control algorithm. Note that the algorithm is not infinite steps optimal, because this algorithm
will require a spectral factorization and a spectral separation equations to obtain the controller (Vu, K. (2008)). The
control algorithm can also be viewed as a myopic control
algorithm but with the weighting matrix S∞ + Q1 on the
state vector.

T

Ai Q1 Ai Rw ).

5

Conclusion

i=0

and the initial conditions
AT Q1 bbT Q1 A
,
Q2 + bT Q1 b

SN

= AT Q1 A −

qN

= tr(Af +1 Q1 Af +1 P0 ) + tr(

T

f
X
i=0

T

Ai Q1 Ai Rw ).

In this paper, we have presented a new algorithm for the N
steps optimal control algorithm. The new algorithm gives
the correct performance index value of the control algorithm. The new algorithm is derived by the method of dynamic programming, as the existing algorithm. Because of
this, the two algorithms have equivalent Riccati and controller equations. However, the existing algorithm has a

dubious statistic foundation. This is the reason for it not to
have a verifiable performance index value and a confusion
of its author as to which state estimator (x̂t|t or x̂t|t−1 )
to be used in the controller. The N steps optimal control
algorithm is physically implementable and is suitable for
control systems where a definite small number of optimal
control steps is required. When the number of steps N is
very large, one can use the steady state version of the algorithm.
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